We define spinors for pairs of tangent disks in the Euclidean plane and prove a number of theorems, one of which may be interpreted as a "square root of Descartes Theorem". In any Apollonian disk packing, spinors form a network. In the Apollonian Window, a special case of Apollonian disk packing, all spinors are integral.
Introduction
A tangency spinor of an ordered pair of mutually tangent disks in the Euclidean plane (identified for convenience with complex plane, R 2 C) is a vector (complex number) u = ± z r 1 r 2 (1.1) where z = − −−− → O 1 O 2 is the vector (complex number) joining the centers O 1 and O 2 of the disks of radii r 1 and r 2 , respectively. The tangency spinor is defined up to a sign. The concept was introduced in [9] .
The definition might look at first somewhat unnatural or arbitrary. Yet it leads to a number of amazing and fruitful properties, proved in the following sections. A quartet of mutually tangent disks is called a Descartes configuration. The present paper proves that spinors in a Descartes configuration admit a choice of signs such that these two properties hold "curl u = 0 : u 12 + u 23 + u 31 = 0 "div u = 0 :
where u i j represents a spinor for i-th and j-th tangent disks as shown in Figure 1 . The arrow representation of the spinors in the figures are symbolic and mark only the order of the disks. The latter result, "div u = 0 , may be viewed as a "spinorial" version of Descartes' theorem on circles, which is recalled below.
The curvatures of four mutually tangent circles (a so-called Descartes configuration) satisfy Descartes' formula (1643) [2, 15, 20] :
3)
The formula was the answer to Descartes problem: Given three mutually tangent circles of curvatures A, B, C, find the fourth which completes them to the Descartes configuration. Due to the quadratic nature of (1. An Apollonian disk packing (or simply "gasket") is a fractal completion of a Descartes configuration. Such a packing is called integral if the curvatures of all disks are integers. The curvatures of all disks in the gasket are determined from any four disks by iterative use of (1.5) . Therefore integrality of the gasket follows from the integrality of the first four disks.
In the Apollonian disk packing, spinors are defined at every point of tangency of two disks. Figure 2 shows a the upper half of Apollonian Window -an exceptionally regular integral disk packing. The big numbers represent the disk curvatures. The arrows shows spinors (for clarity the brackets are omitted). Note that all spinors in the Apollonian Window A are integral.
The initial motivation for tangency spinors was the discovery that the Apollonian Window (and other integral Apollonian disk packings) contain Pythagorean triples [9] . Spinors were introduced as the geometric representation of their Euclidean parametrizations. The name "spinor '' is justified by the fact that the latter may be viewed as the spinors for the Minkowski space R 2+1 , quite analogously to The laws (1.2) have local character. Extending them to the whole Apollonian gasket will be addressed in subsequent papers, where a spinor fiber bundle over an Apollonian disk packing will be discussed, including topological obstructions to a global extension of the features observed. 
Spinor theorems for Descartes configurations
In this section we present a sequence of theorems that are for the tangency spinors what Descartes Theorem is for circles.
Spinor space
By a tangency spinor space we understand the triple T = (R 2 , g, ω), that is a two dimensional Euclidean space with a scalar product g and a symplectic product ω, which for two vectors
are defined as follows:
We use an alternative notation for the products:
Clearly, g defines a norm while ω vanishes for a repeated entry:
Moreover, we define a spinor conjugation
which is essentially a complex strucure defined by the products by
Alternatively, we may view the spinor space as a one-dimensional Hilbert space T C. For u 1 = a 1 + b 1 i and u 2 = a 2 + b 2 i, one defines the Hermitian product as
The above spinor products of two complex numbers are defined in this context as real numbers
The norm is now u 2 = |u| 2 . Spinor conjugation (2.2) becomes u → u = iu, and relation (2.3) becomes ω(u 1 , u 2 ) = g(iu 1 , u 2 ).
We are ready to investigate the behavior of spinors in the systems of tangent disks. The two formulations, real and complex, will be used interchangeably.
Seven theorems
Notation: In the rest of this paper the name of a circle and its curvature will be denoted by the same capital letter. Spinors will be denoted by the small letters. Recall from the introduction that if A and B are an ordered pair of tangent circles with centers w 1 , w 2 ∈ C and curvatures A, B ∈ R, respectively, then we define the spinor of tangency as a complex number u ∈ C such that
where z = w 2 − w 1 . Spinors are defined up to a sign:
Also, recall that the spinor depends on the order of the circles: if u is a spinor for (A, B), then the spinor for (B, A) is the spinor conjugated u = ±iu . For the geometric motivation of this definition see the integral example shown in Figure 3 . For more details, see Section 3.
Theorem 2.1 (spinor curl). Let C 1 , C 2 , and C 3 be three mutually tangent circles. Then the signs of three spinors of tangency can be chosen so that Proof. Let z 1 , z 2 , and z 3 be three complex numbers representing the vectors joining the centers of the circles (see Figure 4 right). Thus
Denote:
The radii and curvatures of the circles are determined by these values:
Following (2.4), spinors u 1 , u 2 and u 2 are defined by
The claim is thus that there exists a choice of values of ε ∈ {−1, +1} such that
We need to show that F vanishes. Expanding the above and then using the definition of spinors (2.7) leads to:
But C i = 1/r i , thus the part in the bracket may be rewritten:
Substituting (2.6) to the above expression and grouping by the products of a, b, c, we arrive at:
One may easily factor out the sum (z 1 + z 2 + z 3 ):
. Thus the initial condition (z 1 + z 2 + z 3 ) = 0 implies F = 0, which means that one of the factors of F in (2.8) must vanish.
One may form a converse theorem, which has the spirit of a simple theorem on complex numbers. It may be stated without the geometric context of circles or disks and it does not play any role in the rest of this paper.
Theorem 2.2 (converse of curl theorem). Let u 1 , u 2 , and u 3 be three complex numbers such that
Proof. Starting with the left-hand-side expression of (2.10) multiplied by 2, we have:
It may be somewhat surprising that spinors preserve information about the sizes of circles in a rather simple way: In the system of three mutually tangent circles, the symplectic product of two spinors directed outward from (respectively inward into) one of the circles equals (up to sign) its curvature, e.g., following notation of Figure 6 : Proof. Set three spinors for the three circles in a circular way as in Theorem 2.1 so that a + c + b = 0 (see Figure 6 right). Consider,
Using Proposition 2.3 we get
3). Ambiguity of the sign in (2.12) originates from ambiguity of each of the spinors a and b. For some rectification see Section 2.4.
Now we move to our main theorem, the theorem that involves all four circles in a Descartes configuration. It may metaphorically be called a "square root of Descartes theorem": 
The property holds for both the inward and the outward oriented spinors. Proof. Let A, B, C and D be four pair-wise tangent circles. Let a and b be spinors of tangency for pairs CA and CB, respectively. We may assume that curvature of one of the circle does not vanish, say C 0. By virtue of Theorem 2.4, we have the values of symplectic products:
Spinor c for pair CD must be a linear combination of a and b, say c = pa + qb, for some p, q ∈ R. Substitute it to (ii):
Using now (i), we get C = ±qC, or q = ±1. Similarly, applying this argument to (iii) implies p = ±1.. Thus c = ±a ± b, and what remains is to choose the signs of spinors to get the claims of each of the two versions of the theorem. Corollary: Theorem 2.5(B) can be iterated to produce spinors for all circles inscribed between two initial circles, see Figure 9 . Inspect the spinors in the disk of curvature 2 or the spinors around the great external circle in Figure 2 . It has the flavor of Ford's result for relation between fractions and circles drawn on the number axis [4] . This will be the topic of the subsequent paper. 
From spinors to Descartes Theorem
The Fundamental Tangency Spinor Theorem 2.5 contains the Descartes theorem on four tangent circles. Interestingly, the proof -although simple -is not eminently visible. Simple squaring the formula leads to nowhere (the reader is encouraged to try it before reading further).
Theorem 2.6. The Fundamental Tangency Spinor Theorem implies the Descartes Theorem
Proof. We shall use the well-known relation
which is the Pythagorean Theorem cos 2 θ + sin 2 θ = 1 in disguise, known for 3D vector calculus and valid in 2D. Let us start with configuration and notation as in Figure 8 .
This gives the meaning of the inner product:
On the other hand, we may calculate the scalar product using (2.15):
Now, equating the scalar product of two equations, we get
This, after expanding and regrouping, is the Descartes Formula (1.3).
Remark:
The above theorem and its proof may be seen as an alternative proof of Descartes Theorem.
Remark: Notice that without much ado one gets the "solution" (1.4) to the quadratic equation directly from the last equation of the proof:
Since the cross product of two spinors from C to A and B has a geometric meaning of the curvature of the disk C, a natural question arises if the dot product has a meaning too.
Theorem 2.7 (Mid-circle from spinors). In the system of three mutually tangent circles, the scalar product of two spinors directed outward from (or inward to) one of the circles to the other two equals (up to sign) the curvature of the circle that passes through the points of tangency between the three circles (see Figure 10 ):
Proof. Choose the signs of the spinors between the disks so that
Norm-squaring both sides gives result that appeared in (2.17)
which is the well-known formula for the mid-circle, a circle that is orthogonal to each of them, K⊥A, K⊥B, and K⊥C. Corollary: Equation (2.18) in the proof of Theorem 2.6 provides another formula for the mid-circle
where D is any of the two solutions of the Descartes problem for A, B. and C.
Topological obstructions
The fact that the Descartes formula provides two solutions for a given triplet of mutually tangent disks is in agreement with the sign ambiguity of spinors. We shall now "tame" this ambiguity.
Definition: Referring to Figure 11 left, we say that signs of spinors a and b are harmonized over D (or spinor c) if one may choose the sign of d so that
(as opposed to a − b). In such a case we shall say that the sign of a is parallelly transported to b along the arc of C that passes through the point of tangency of C with D (in short: over the arc of C through D).
Corollary: If spinors in Theorem 2.4, are harmonized in the counter-clock direction of the disk they leave then the Formula (2.12) of becomes The signs of the spinors in an Apollonian gasket cannot be arranged globally so that the properties of the Fundamental Theorem hold for each triple of mutually tangent disks. The problem starts already with Descartes configuration. Indeed, consider the Descartes configuration as the one in Figure 11 , right. Suppose one may harmonize the spinors a, b and c along the circle in the middle, clockwise. We can do it in three steps: Now, add (i) and (iii) side-wise:
which would make sense if one of the a's were a negative of the other. This is an indication that transfer of a around the inner circle changes its sign. Performing the transfer around twice would restore the original sign.
This imitates the spinors describing the spin of electrons, which change the sign after a single rotation of electron. The phenomenon corresponds to the double covering of the group SU(2) over SO (3) , while the group-theoretic analogue for tangency spinors corresponds to the double cover SL(2, R)
For numerical examples, consult Figure 2 . The spinors in the disk of curvature 2 are harmonized. But extending the list of the spinors to the bottom part brings surprise in change of sign of the spinor at the starting point But this cannot be extended to the whole circle.
Context and clarifications
In this section we review some facts about geometry of circles, Apollonian disk packings and Pythagorean triples in order to provide a wider context to the results of the previous section, and to hint towards some generalizations.
Apollonian Window, Pythagorean triples, and Euclidean parametrization
Integral Apollonian disk packings attract considerable attention due to their rich number-theoretical content [7, 5, 6, 11, 13, 14] . Figure 12 shows one that is particularly graceful -the Apollonian Window; denote it A. Symbols that label some of the circles have the following meaning: curvatures (reciprocals of radii) are indicated in the denominators while the positions of the centers may be read off by interpreting the symbol as a pair of fractions [9] . For example, here is how you decode one of them:
symbol:
center: (x, y) = The two numbers in the numerator will be called the reduced coordinates of the a disk's center, typically denoted by dotted symbols, as (ẋ,ẏ). What makes the Apollonian Window special is the fact that all of its symbols have integer entries. The key tool for creating the data for the disks is the linearized version of Descartes' Formula (1.5) : Interestingly, the same formula holds for the corresponding reduced coordinates (ẋ,ẏ) (consult [8] ). Since an Apollonian gasket is a fractal completion of a Descartes configuration and all symbols may be derived with (3.1) given the first four, integrality of the symbols in A follows from the integrality of the initial four disks (or actually any four disks in Descartes configuration in the gasket). Every pair of tangent circles in A defines a triangle with sides proportional to a Pythagorean triple as follows:
where a 2 + b 2 = c 2 is easy to check. Figure 13 shows some of the triples in A. Note that the Pythagorean triples (3.2) are integral. The actual triangle in the figure has its size scaled down by the factor of β 1 β 2 .
The next step is to recall that Pythagorean triangles admit Euclidean parameters [19, 21] that determine them via:
As explained in [9] , Euclidean parameters can be viewed as a spinor. Indeed, a Pythagorean triple, satisfying a 2 + b 2 − c 2 = 0, may be viewed as a null-vector of Minkowski space R 2,1 and as such, it may be represented as the tensor square of a spinor from the associated two-dimensional spinor space R 2 . Fortunately, for the purposes of this paper it suffices to represent the spinor as a complex number u ∈ C R 2 via identification [m, n] ≡ m + ni. The corresponding Pythagorean triple is defined by squaring:
Clearly, the spinor is defined up to a sign, since (−u) 2 = u 2 . And this is the initial inspiration for introducing the concept of tangency spinors. Reconstructing a number of spinors via these Pythagorean triples, as in Figure 2 reveals a number of features visually detectable by inspection; realization that they start with the Descartes configuration lead to the present paper. 
Minkowski space
By R n+1;1 we denote Minkowski space with a standard isotropic basis, that is Cartesian space R n+2 with column vectors
and with the norm defined by
The subscript dots in (3.3) indicate that the isotropic basis in use. The matrix associated with this quadratic form is
and Minkowski scalar product of two vectors v and v is
(This is a space of signature (n+1,1) as a simple change of basis would show). We preserve the symbol R m,1 (comma versus semicolon) for the Minkowski space with the standard orthonormal basis in which the metric given by matrix
Let us introduce a nonlinear "cross-product" in the Malinowski space:
Proof. Direct calculations.
The equality of the isotropic components imply that the image of this map lies in the subspace of R n+1;1 that is isomorphic to the standard (n + 1)-dimensional Minkowski space R n,1 , thus the above map may be restricted to
where R n,1 0 denotes the cone of null vectors in R n,1 . As is well known in the theory of representations of Clifford algebras [17, 18, 12] , the null vectors may be represented as "tensor squares" of the spinors in the spinor space S corresponding to a spin representation of SO(n, 1):
where the star denotes an appropriate Hermitian conjugation in S. (Consult [17] for the constructive way to determine S for a particular dimension). More precisely, there exist a natural bilinear map B : S ⊗ S → R n,1 defined up to a real scalar. On the diagonal entries it takes values in the light cone R n,1
0 . Effectively, we have a composition of maps
where the last map is defined up to normed factor z ∈ F , |z| 2 = 1, where F is the field/algebra underlying the spinor space, F = R, C, H (real numbers, complex numbers, quaternions and octonions). Minkowski spaces R 2,1 , R 3,1 , R 5,1 and R 9,1 are particularly interesting [3] , since the corresponding spin groups are SL(2, F), with F = R, C, H, O, respectively, and the spinors form two-dimensional spaces (modules) over corresponding algebra F. The present paper explores disks in R 2 , which corresponds to SL(2, R). Other cases will be discussed in a future paper.
Geometric interpretation: circles as vectors in Minkowski space
Our interest in Minkowski space comes from a well-known fact [8, 16] that disks in n-dimensional Euclidean space may be represented by the unit space-like vectors in R n+1;1 , namely a disk of radius r centered at x = x 1 , ..., x n becomes a vector
where |v| 2 = −1. The inner product of R n+1;1 has a geometric interpretation:
In the case of 2-dimensional disks discussed in the previous section the map and associated notation are as follows
where the last "fraction " is a simpler presentation of the Minkowski vector, since it contains the complete information (the value of γ may be calculated from the other three components because of normalization). A vector and its negative represent two disks, inner and outer, sharing the same circle as a boundary. In particular, in the Apollonian Window, the great circle centered at (0, 0) is a boundary of an outer disk and therefore its radius is negative one, and so is its curvature, β = −1.
The appearance of Pythagorean triples in the Apollonian Window A may be formally thought of as a corollary to Proposition 3.1. Namely, for any two tangent circles in A, since their inner product is 1, we have:
This is equivalent to (3.2). Clearly, for an arbitrary pair of tangent circles the resulting triangle does not have to be integral.
Euclid parametrization as a spinor
Here we recall the spinor interpretation of Euclid's parametrization of Pythagorean triples following [9] . View a Pythagorean triple as a vector of Minkowski space R 2,1 .
As such it may be represented by traceless matrices on which the group SL(2, R) acts by conjugation as the way of representing SO(2, 1). But being a null vector, satisfying a 2 + b 2 − c 2 = 0, it may be represented as a tensor product of a spinor with itself, conjugated, u ⊗ u * , where u = [m, n] T .
In general the group SL(2, R) serves as the symmetry group covering SO(2, 1). The numbers m, n coincide with Euclid's parametrization. In particular, Eq. (3.6) is a tensor version of the standard form of the Euclids' relation:
(a, b, c) = (m 2 − n 2 , 2mn, m 2 + n 2 )
In the present paper we represent the spinors by complex numbers via this identification m n = m + ni
This representation comes about as follows: Multiply both sides of (3. This starting point (3.6) of this derivation justifies calling Euclids' parameters a spinor, while the resulting and well-known (3.7) used in the proofs of the previous section conveniently utilize the algebraic structure of complex numbers.
Remark: The derivation of (3.7) as the spinor property has a better algebraic representation in terms the split quaternions that happen to coincide with the Clifford algebra of the Minkowski space R 2,1 (c.f., [10] ); this will be addressed elsewhere.
Summary
Every ordered pair of disks in a Euclidean plane gives rise to a spinor u ∈ R 2 , an element of 2-dimensional symplectic space, defined up to sign. Algebraically, the process may be described as follows: we represent disks by space-like unit vectors in the Minkowski space M = R 3,1 . A certain product of such vectors lies in the null cone of a subspace isomorphic to Minkowski space R 2,1 ⊂ M. Such vectors may in turn be represented by a tensor square of a spinor, an element of the spinor space associated to R 2,1 . The theorems describing the behavior of spinors in a Descartes configuration of disks are is the main content of the paper. Among the rather intriguing properties are their mutual relations and relations to the disks' curvatures. The "spinor fiber bundle" over an Apollonian disk packing and its topological aspects will be discussed in a subsequent paper.
